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Hanpvmep, ona umnnHapa

¥ =14+ lcosn
2 2
:lsinm 4)
2
Z =v

BEKTOP HopMasnn 6yaeT paBeH n =”~cosu,—sinn,0 |. OnpeaesiMm TOYKW, B KOTOPbIX BEKTOP HopManu 6y-

[eT nepneHAVKYISapeH naockocTy npoekumn X +Y +Z =0 . [nd 3Toro peinm ypasHeHue
% (cosn +sinu) = 0.

PeLLeHNs 3TOro ypaBHeHUs JafyT Ham ypaBHeHWS 1306pakeHnli 06pasyoLLmnx umaMHapa:

nia (1 V2
= — —t

2 22

[ononHnm yepTex 0CHOBaHWSAMM, aHa/IOTMYHO NOCTPOEHMIO N306paXKeHNS 3KBaTopa Ctepbl.

Ha pucyHke 2 npusegeH npumep rM3obpaxeHUs KpyBoi BuBMaHW, KOTopas ABASETCA IMHUeR nepece-
YeHWst MOBEPXHOCTU LumanHgpa (4) co ciepoit (3) BABOe 60MbLUIET0 pagnyca, LEHTP KOTOPOM JIEXUT Ha Mno-
BEPXHOCTY UMAMHApPa. MoCTpoeHnsA BbIMOAHAAUCL B NporpaMmMe Geogebra.

PucyHOK 2 - 1306padkeHre LNMHAPa 1 KpUBO BuBraHm

PaboTa BbInosHeHa npu noagepxxke P®PU (rpaHtbl: Ne 16-01-00336A, Ne 16-31-00048mon_a),
MuHob6pHaykn P® B pamkax 6a30B0i 4acTu rocygapCTBEHHOr0 3ajaHuns B chepe Hay4HOW LeATesbHOCTU
dIrbOY BIMO «AnTaicKunini rocyaapcTBeHHbI YHUBEPCUTET» (KOg npoekTa: 1148).
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O connToHax Pnyum Ha TPEXMEPHbIX N YeTbIPEXMEPHbLIX MHOroobpasnsax Y okepa

O.H. OckopbuH, E.[,. PoguoHos, N.B. SpHCT
AnTrlY, r. bapHayn

ConuToHbl Pnyumn 6bi1v BBefeHbl Pryapgom MamunbToHOM B paboTe [1]. OHM COOTBETCTBYHOT Camo-
NoJo6HbIM PeLLeHMAM MoToKa Puyyu.

MeTprKM CONNTOHOB Prnyun ABnsSOTCA 06006LLeHNAMN 3MHLITEAHOBBIX METPUK U NO3TOMY NpeacTaB-
NAIT NHTEPeC B TEOPETUYECKON (Pr3MKe.

Cdopmynumpyem O0CHOBHbIE OMnpefeneHns.
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Onpeaesienue. IlceBnopuMaHoBO MHOTOOOpa3ne (M, g) HA3BIBACTCS COMUTOHOM Puuum, eciau HA M

CYIICCTBYCT IJIAIKOC BEKTOPHOE TOJC X , SABISIOIICCCS PCIICHUCM VPABHCHUS.
tyg+tp=Aig.

rae p — ten3op Puuun, A — koHcTaHTa, £, — npoussoaHas Jlu Baoms X .
/. HA3BIBAECTCSA KOHCTAHTOM ComuTOHA. CONUTOH HA3BIBAKOT PACITHPSIOIIAMCS, CTAOUIBHBIM, CKUMAFOIIHMCS, CCITH
A<0, A=0, >0 COOTBETCTBCHHO.

B Hacrositiei padoTe Mbl CTPOUM HOBBIC MPUMEPHI COTUTOHOB PHY4M HA JIOPCHIICBBIX MHOTOOOPA3HSIX
VYokepa Maaol pasMCpPHOCTH.

Onpeaenenue. [lceBnoprMaHOBEIM MHOTOOOPA3HEM HA3BIBACTCS TJIAAKOS MHOTOO0pazue M pasmep-
HOCTHU 7, HAa KOTOPOM 33JaH INIaJKUN 3HAKOHEONPEACTIEHHBIN HEBBIPOXKICHHBI CHMMETPUUHBIN TEH30D g .

Ecan mMeTpudeckuit TCH30p ¢ HMECT CHTHATYPY (1,7 —1) , TO (M, g) HA3BIBACTCA JOPCHIICBBIM MHO-
roo0Opasuem.

Onpenenenne. I'maakoe pacnpencncane D HA3pIBACTCS NAPAUICIBHBIM, CCIH AU JIOOBIX BEKTOP-
HbIX O X € D umeem V, X € D, rae ! €cTh MPOU3BONBHOE INIaAKOEC BEKTOPHOE MOJIE HA M

Onpeaenenue. llceBnopuMaHOBO MHOT00OPA3HE, AOMYCKAINEE TIAAKOS MAPALICIBHOS PACIPEASIc-
HUE U30TPONHBIX (T.€. g(X,X)=0) BEKTOPOB, HA3bIBACTCS MHOr0OOpaszuem Y okepa.

B paGore [2] nokazana
Teopema. Jli060e mpéxmeproe cummempuueckoe 10peHyeeo0 MHo2000pasue Yoxepa s16a1emes ComumoHom
Puvyu ons npousgonsroii koncmanmol 1.
CmpaseqmBa
Teopema. Cywecmeyiom mpéxmepHule 10peHyessl HeCUMMeMpUYecKie MHO2000pazus Yoxepa, s6asi0uuecs
corumonamu Puuuu.

Cxema JoKa3aTenbCeTBa!
Ilycte (M, g) — TpéxmMepHOE NOpPEHIICBO MHOTOOOpasue Yokepa. Torga, kak mokasaHo B [3], CyHIECTBYIOT

JOKANbHBIE KOOPAUHATHI (£, x,y) , B KOTOPBIX METpPUKA £ NPUHUMAET BUJ!

0 0 1
g=|0 1 0 ,
1 0 o(xy)
rae ¢(x,y) — HekoTopas rnaikas Ha M ¢yHkuus. Tenzop Praun uveer sy
1 2
p= —5%@
IMonarasg X = (At x,y), B(t,x,v),C(t,x,)), 3alUIICM YPABHCHUC COJTUTOHA B KOOPAWHATAX (f,x, ) !
1
ECZ = 0
C,+B = 0
C,+Cop+4, = 4
2B, = A
Cup+B,+4, = 0
1
2C,p+24, +Bp, +Cop, —E(pxx = Ap

Haunee, caenys [2], aTa cucteMa ypaBHSHHH yIPOINASTCS U MPeoOpas3yeTcs K BUIY:
1
X, x,y)= (t(l -B)—xa'(y)+ ,u(y),Elx+a)(y), Py+ 7} rae B,y — KOHCTaHTHI, @ @,y — CNATKUC (YHKIHH,
yaoBjAeTBOpsiroiue audhepeHIHATEHOMY YPABHEHHUIO:

' " A 1
QL= +21(y)=2x0" (V) +,(By+¥)+ ¢, (Exm(y)j =5 P
ITycTte Temepp C(t,x,3)=0, A #0, o # 0. Torma ypaBHCHIC MPUHAMACT CICAYIOIIAH BHI;
1 A , "
5 P =P (Exm(y)jwl(p—w W) +2x0"(y) =0
Vpasuenue Boite ecte O/1Y, 3aBucsinee ot y kak ot mapamerpa. OHO UMEET BCIOAY OMPEACIEHHOS

pemeHue:
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" 2
o"(WM(Ax" -1
o(NA
rac F(y) — INPOU3BOJIbHAA IIaaKasd (byHKLII/IH TCHSOp Puvun AJId 3TOrO PCIICHUA MOXKCT OBITH BbI6pa,H mpo-

2
P(x.) = (2~ (hx+ 20007 ) F)+ 1 () +

W3BOJIBHOH I1agKkod (GYHKIUCH, 3aBUCIIICH OT y :

p= [ﬂ,zF(y) _ w”(}’))dyz )
o(y)

MO3TOMY MOMTYUCHHAS METPHKA B OOLIEM CIy4Yae HE SABIICTCI CUMMETpruieckor. Teopema qokazaHa.
IlepexoauM K YETBIPEXMEPHBIM COTHTOHAM.
ITycth (M, g) — KOHPOPMHO-ILIOCKOE YETHIPEXMEPHOE MHOTOOOpasne Yokepa. B padore [4] mokaszana cneayromas
TEOpeMa, NMO3BOJIAIOINAS HCIIONIB30BATh YAOOHYIO CHCTEMY KOOPAUHAT:
Teopema. Ilycmb (M.,g) — KOHPOPMHO-NIOCKOE JOKANLHO HEPA3NIONCUMOEe MHO2000pazue Yokepa
PasmepHOCHL n+2 > 4, aneebpa 20T0HOMUU KOMOP020 usomoppra R™.

JIOKAIbHbBbIE K Hamot (vV,x ,...,X ,U), 6 K bIX M K ¢ MYIOTU:
Toeoa cviyecmeyrom 10k, e KOOpOUHAM XL x" ), 8 Komopubix Mempura 3a0aémes Gho ot

g = 2dudv+Y (') +a@)y (') (du)’.
i=1 i=1
IIpumenns 3Ty TeopeMy IIPH n = 2, IOXYYUM CUCTEMY KOOPIUHAT (v,x,y,u) HA M.

Hanee npuBenéH NpuUMEp COMUTOHA B IPEANONOKEHHH a(u) =e" .
X =(K,L,M,N) — raaaxoe BEKTOPHOE ITOJIC HA M .

1 1 1 1
K, x,y,u)=—c,x+c,p)e? I [2@2 ]+(c3x+c5y)e2 Kl[Ze2 ]+ﬂ,v+c6 +¢"
1 L, L
L(v,x, y,u) zzﬂ,x—i-cly—i-czlo 2e? |+cK,| 2e?

1 1
M@, x,y,u)= —clx+%ﬂ,y+c4]0 [2@2 ]+C5K0 [2@2 ]

N@,x,y,u)=0, rae [,(z),K,(z) — Moanpunuposanssie ¢pyHkun beccens mepsoro u BToporo poga coor-
BETCTBEHHO. ¢; — KOHCTAHTBHI.

Bexropnoe none X, sBhsromeecs: pelICHUEM VPABHEHHS COMUTOHA, MOXKET ObITh HAWACHO IS MPOU3BOIb-
HOW rIaaKkon QYHKIUU a(u), 3TO SKBUBAJICHTHO CICAVIOLICH TeopeMe:

Teopema. [lycmv (M,g) — KOHQPOPMHO-NIOCKOE JOKANLHO HEPAZIONCUMOE HEHbIPEXMEPHOE MHO20-

obpasue Yorepa, aneebpa eononomuu komopozo uzomopPua R". Toeoa ypasnenue conumona Ha M umeem
peuterue.

Hanpaelimyro uaopMmanuio o padotax Mo COMUTOHAM PUYMM M MHBApUAHTHEIM TCH3OPHBIM IMOILSIM
MO’KHO HaWTH B paborax [5-9].

PaGota erimonnaeHa npu noaaepxkke POOU (rpanter: Ne 16-01-00336A, Ne 16-31-00048mon_a), Mu-
HOOpHayku P® B pamkax 6a30BOW 4YacTH TOCYAApCTBEHHOrO 3aJaHusi B cepe HAYYHOH ACATEIBHOCTH
OI'BOY BIIO «AnTaiickuii rocyjapCTBEeHHBIH YHUBEPCUTET» (Ko mpoekTa: 1148).
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UDC 514.765

Some problems in the theory of homogeneous spaces

E.D.Rodionov
Altai State University, Barnaul

Since a homogeneous space (M,p) is geodesically complete, there arises the problem on the behavior
of geodesic curves on such spaces, their closure, and on their self-intersection. The following theorem is
known in this direction.

Theorem 1 (see [1, 2]). Geodesics on homogeneous spaces are merely closed curves or unclosed curves
without self-intersections.

Moreover, the following theorem is proved in the work [2] of M.V.Mechsheryakov.

Theorem 2. Geodesic curves of a lefi-invariant metric on a connected and simply connected nilpotent Lie
group are not closed.

The following two problems arise in a natural way:

Problem 1 (4. Besse). Find homogeneous Riemannian manifolds all of whose geodesics are closed.

Problem 2. Describe homogeneous Riemannian manifolds all of whose geodesics are unclosed.

For the first time, the Besse problem was considered in the class of normal homogeneous spaces, i.¢.,
those spaces (G/H, p) whose homogeneous Riemannian metric p is obtained from the Ad(G)-invariant inner
product of a Lie group G under the projection 7 : G — G/H. The following theorem was proved in [3].
Theorem 3 (see [3]). Let (G/H, p) be a simply connected, normal homogeneous Riemannian spaceall of
whose geodesics are closed. Then (G/H, p) is isometric to a compact symmetric space of rank 1 (CSROS: §",
CP*, HP", and CaP’).

Later on, by using purely topological methods, the following theorem was proved in [3] for arbitrary
homogeneous Riemannian manifolds.

Theorem 4 (see [3]). A simply connected homogeneous Riemannian manifold all of whose geodesicsare
closed and have the same length is isometric to a CSROS.

Simultaneously, a geometric proof of this theorem having no requirement on the lengths of geodesics
was given [4, 5].

Theorem 5 (see [4, 5]). A simply connected Riemannian manifold all of whose geodesics are closed is iso-
metric to a CSROS.

The main idea of the proof of Theorem 5 is as follows. If the structure of (G/H, p) is complicated, then
we seek a flat totally geodesic torus 7' in M = G/H whose irrational winding is unclosed. Then a finite list of
manifolds remains, which is examined step-by-step.

The following conjecture is closely related to the Besse conjecture.

Conjecture 1 (W.Klinkenberg, see [6]). On a simply connected closed manifold, there exist infinitely many
geometrically distinct closed geodesics.

Although there is still no final answer to the W Klinkenberg conjecture in the general case, the follow-

ing theorem holds for homogeneous Riemannian spaces.
Theorem 6 (see [7]). Let M be a compact, simply connected, homogeneous space not diffeomorphic to a
CSROS. Then any Riemannian metric on M admits infinitely many geometrically distinct closed geodesics. If
on M, there exists a Riemannian metric p such that all geodesics emanating from a certain point p return to
this point before a certain common period t, then M is diffeomorphic to a CSROS.

After the appearance of these works, there naturally arose the problem on the closures of geodesic
curves on homogeneous Riemannian spaces. In the case of naturally reductive spaces, it was studied in [8].
Theorem 7 (see [8]). Let G and H be compact and connected Lie groups, G/H be naturally reductive,y(t) is
a geodesic of G/H. Then the closure of y(1) either is simply a closed curve or is isometric to a flat torus of
dimension not less than 2.



