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00 onepaTope cCeKIMOHHOI KPUMBU3HBI HA TPeXMePHbIX MeTpHUYecKHX rpynnax Jlu

C.B. Knenukoea, H.B. Ilonomapes, O.11. Xpomosa
Amml'Y, 2. Bapuayn

3amaua 00 YCTAHOBICHUH CBA3CH MEXKIY TOMONOTHEH M KPUBH3HOH PHMAHOBA MHOTOOOPA3HS SBIISCT-
€5l OHOW M3 BAKHBIX MPOOIEM pUMaHOBOM reomerpud [1-7].

PaGora O. Kosamsckoro u C. HukimeBuu [8] mocBsiimeHa PeHICHUIO 33Ja9d O MPSIMUCAHHBIX 3HAYC-
HUAX CHeKTpa oreparopa Pudum Ha TpexXMEpHBIX PHUMaHOBBIX JIOKAJIBHO OJHOPOAHBIX IPOCTPAHCTBAX.
B nanpreiimem aHamOrHYHbBIE PE3YIBTATHI [T OIEpaTOpa OJHOMEPHOH KPHBH3HEL, a TaKXKe A olleparopa
ceximonnoi kpususabl nojayucHst J.H. OckopGunsim, E.JI. Pomnonossim, O.11. Xpomosoii [9, 10].

B niceBnopumanoBoMm criyuae uszBectHa padora k. Kamesapyso, O. KoBanbckoro, B KOTOpOU ucCIie-
IyeTcs 3a7ada O CYIIECTBOBAHHUM TPEXMEPHOM rpyrmsl JIu ¢ IeBOMHBAPHAHTHON JTOPEHIIEBOM METPHKOH U
3aJaHHBIM oreparopoM Pueam [11].

Tensopy kpususHbl Pumana R B moGoii Touke MEHOroo6pasus A MOXkHO MOCTABHTH B COOTBETCTBUE

onepatop cexuuonroi xpususas K - XXM —> A M | onpeaensiembrii paBeHCTBOM
(X AY.K([TAV)) =R(X.Y.T,V),

2 2
rae <,> — MHIYLMPOBAHHOE CKATApHOE mpomsseacHue B cinosx A M mnpocrpanctsa paccioenus A°M

onpeacsICMOC IPaBUIOM
(X, A X, Y, A Y,) = det(g, (x,. 7))
B ornmarie ot ciyuas puMaHOBOH METPUKH, TAC BCETAA CYIECTBYET OA3UC, B KOTOPOM MATPHIA CaMO-
compsikeHHOro oneparopa (Hanpumep K ) AMAaroHanbHA, B MCEBAOPHUMAHOBOM CIy9ac MPHXOAUTCH YUHTHI-
BATh HC TOJIBKO CaMH CO6CTBCHHBIC SHAYUYCHUA (KOTOpre MOTYyT 6BITB U KOMILICKCHBIMH, H ,Z[CI\/'ICTBI/ITCHBHBI'

MH), HO ¥ MX aJIr¢OpandecKyr0 U FEOMETPHUSCKYIO KPATHOCTh. BO3MOKHBI pa3TnYHBIC BAPUAHTH U3BECTHHIC
kak munvt Ceepe (cm. [11]):

1. Tum Cerpe {l 1 l}: K wumveer Tpu AeHCTBUTENBHBIX COGCTBEHHBIX 3HAYEHHUS (BO3MOMHO COBIAIAI0-
IIHX), KAKIOMY H3 KOTOPBIX COOTBETCTBYET OQHOMEPHOE COOCTBCHHOE MOANPOCTPAHCTBO

2. Tum Cerpe {lzZ }: K umeeT 0aHO AEHCTBUTENBHOE W BA KOMILIEKCHO COTIPSZKEHHBIX COOCTBEHHBIX
3HAYCHUL.

3. Tuno Cerpe {2 l}: K umeer aBa neHCTBUTEIBHBIX COOCTBEHHBIX 3HAYCHHSA (BO3MOMKHO COBIAJAIO-
IIMX), IIEPBBIH U3 KOTOPBIX UMECT anreOpantueckyo KPaTHOCTh 2, KaKIOMY H3 KOTOPBIX COOTBETCT-
BYET OJHOMEPHOE COOCTBEHHOE MOANPOCTPAHCTBO.

4. Tum Cerpe {3}: K wmmveer onHO IEHCTBUTENRHOE COOCTBEHHOE 3HAMEHHUE ANTeOPANIECKOM KPATHOCTH
3 ¥ COOTBETCTBYIOLIECE EMY OTHOMEPHOE COOCTBEHHOE MOANPOCTPAHCTBO.

Hanneie uccienoBanus ABsOTCH mpoaomkeHuem padorer k. Kamssapyso, O. Kosamsckoro [11]. B
pabore mokazaHbl AHAJIOTHYHBIC TEOPEMBI AJIS ONECPATOPa CCKLIMOHHOW KPHBH3HBI HA TPEXMEPHBIX TPYII-
nax JIu ¢ JeBOMHBapUaHTHOH JI0peHeBoi MeTpukol. Tak, HampuMmep, Oblna JokazaHa CIACAYIOWAS TeopeMa.

Teopema. Tpexmepnas epynna Jlu ¢ 1e60uUHSAPUAHMHOT TOPEHYEEOT MEMPUKOTL U 3A0AHHBIM ONepa-
mopom cexyuonnoti kpueusnuvt K, xomopwiii umeem mun Cezpe {3} cyugecmsyem ¢ mom i Mmoabko 6 mom
cnyuae, eciu OanHoe coBCmeerHoe 3HaYeHe OMPUYATNETbHO.

Nnest noxazarenbcrea

Hcnonp3ys knaccuduranuio TpeXMepHBIX anreOp JIu ¢ TOpeHIEBbIM CKAMAPHBIM MMPOU3BEICHHEM U
yAOOHBIC AJs1 BBIYKCACHUN Oas3uchl, MpUBEACHHBIC B padorax [4, 11-13], MokHO moKa3aTh, 4TO OMEPATOP

CCKIIMOHHOM KpuBH3HbI umeeT Tun Cerpe {3} TOrJa U TONBKO TOTAQ, Koraa B anreOpe Jlu cymectByer Gasuc
{el, e, 63} TaKOH 4TO

[epez]:el_ﬂe . [elﬂe3]:_el_}”82> [ez,e3]=2.el+e2+e3,
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1 0 0
g=l0 1 0
00 -1

BeruncanM B maHHOM 0a3uce MATPHUIly OMEpPaTropa CCKIIMOHHOH KPUBH3HBI C IMOMOIIBID MATEMATHUC-
CKOH MOJACTH OnucaHHoM B padorax [14-17]:

-ir 2 -2
K= 2 2-ip -2
A 2 2=y

T[MpsMble BRIMMCIEHUS TOKa3bIBarOT, uto omepatop K wmmeer tun Cerpe {3} TOTJa U TOJBKO TOTJA,

2
xoraa A # 0, npuuem Toraa OH UMEET COOCTBEHHOE 3HAUYCHHE K, = —% A <0,

OTMeTuM, UTO AaHHBIH PE3YNIBTAT €CTECTBEHHO 0000IACTCS HA ClIydal TPEXMEPHBIX JOKAIBHO OJHO-
POAHBIX JIOPCHLEBEIX MHOTOOOPA3HH.

PaGora Bemonnena npu noagepkke PODU (rpanter: Ne 16-01-00336A, Ne 16-31-00048mon_a),
Munobpuaayku P® B pamxax 6a30Boll 4acTH rocyAapcTBCHHOTO 3aJaHU B cdepe HAyYHOU ACATEIBHOCTH
OI'BOY BIIO «AnTaiickuii rocyjapCTBEeHHBIH YHUBEPCUTET» (Ko mpoekTa: 1148).
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Conformally flat splines

M.V. Kurkind', E.D. Rodionov’, V.V. Slavskyl
]Ugra State University, Khanti-Mansiisk;
“Altai State University, Barnaul

The interior of the unit ball corresponds to the Lobachevsky space in the Klein's model. Convex
subsets in Lobachevsky space coincide with the usual convex subsets of the unit ball. However, the convex
geometry of Lobachevskii space is more substantial in analytical plan.

In particular, one can naturally associate an arbitrary compact convex subset (0 with conformally flat

2
metric ds? = };’L() , xe R"", of bounded one-dimensional sectional curvature K (x,f) , which 1s defined
x
Q
on R"' [1]:
2
K d°h 1 K
S <K(x,E)=h,—Z——|Vh, |’<=, (1)
2 ( g) Q d§2 2 | Q | 2

where By (x) is a positive function of the class ' defining conformally flat metric, Vh, is the gradient of
2

h,(x) satisfying to the Lipschitz's condition, ZQ

is the second derivative of function hy . in sense F.

Clark [2], along arbitrary unit vector & € R™", x > 0 is a positive constant such that (—K) is the curvature

of Lobachevsky space.
In this paper we call such functions as support functions for a convex set Q (see also [3-4]). In the

case of a finite convex polyhedron of Lobachevsky space the following formula is true
hy (¥) = min {hAl_ (x)} , @)
where } N (x) are support functions of (» —1) dimensional sides of the border of IQ
Calculation of functions 4 ,, (x) oceurs recurrently and reduced to the case when A, are k-

dimensional simpleksa ( £ <7 ). Such functions will be called elementary conformal splines [3].
In contrast to the conventional presentation of spline functions, the representation (2) of the function
h,(x) via conformally flat spline functions has another nature, since not required to specify the domain of

definition 7, (x). Function /,(x) has smoothness c , and any function feC ' can be arbitrarily closely

approximated via function By (x) of the form (2) in the norm of C' — space on a compact subset (for
sufficiently large x ). The obvious formula (2) for the function hy (x) allows us to simplify calculation and
to make its more effective: it isn't need to break the domain of definition of /,(x), and it is possible to use

parallel algorithms for calculation of elementary splines. In work [4] the algorithm of calculation is realized
in MatLab and Mathematica packages.

In a one-dimensional case the graph of function £, (x)=min {hA_(x)} composed of four one-
i=1,.,4 !

dimensional splines is represented in figure 1. Each spline /, (x) corresponds to the segment A, in

Lobachevsky's plane ( see figure (2)).



